We present a general theory of averaging of geometric structures. Three examples are considered: the average procedure of perturbation theory in Classical Mechanics, the fiber integration leading to the Thom's isomorphism in Algebraic Topology and the averaging of dynamical connections. In the last example, we explain the notion of "convex invariance" of the last example in the case of orientable Riemannian vector bundles.
Introduction
The notion of average as expectation value of an observable quantity is an universal fact in Mathematics and its applications. Usually the average can be written in a formal way as:
. This way of defining the average requires a positive measure f (x)dµ in some space U with measure U 1 dµf (x) < ∞.
An interesting fact is the general setting where the above type of formulas appear. In this paper we argue that several averages in different context are described by the same general theory. Although the formulation that we present here is not the most general one, it is enough to discuss the above examples:
1. Average in Classical Mechanics ( [1] ).
The so called "Averaging Principle" in Classical Mechanics consists on the following. Consider a trivial fiber bundle of the form P = T k × U. The coordinates of the tori are (φ 1 , ..., φ k ) and they are solutions of the "perturbed" system of differential equations:
where ǫ is a small perturbation constant. The averaging principle consists on substituting the system of differential equations (1.1) by the averaged system:
Then, it is assumed that the system (1.2) is a good approximation to the original system (1.1). Here the averaging operation is an integral along a torus.
2.
Integration on the fiber in Algebraic Topology.
The classical theorem of Thom relates the compact de Rham cohomology H * (E) of a vector bundle of finite rank with the compact vertical cohomology H * cv (M) ( [2] ). The way to it is through a Poincare's lemma for compact vertical cohomology. This lemma is constructed through an integration along the fiber. If the dimension of the fiber is k and the local trivialization of the vector bundle E −→ M has coordinates (x, t) and Φ is a form on M, then the integration along the fiber is defined as ( [2] ):
This integration along the fiber commutes with the exterior differential. Therefore it defines a map between cohomologies. In particular we have,
Proposition 1.1 (Poincaré Lemma for forms with compact vertical support)
Integration along the fiber π * produces the isomorphism:
The global version of the proposition is the Thom isomorphism,
If the vector bundle π : E −→ M is of finite type and it is orientable with rank k, then there is the following isomorphism,
The general fact that we want to emphasize now is the existence of an averaging operation on forms.
3. Average of dynamical connections.
In ref. [3] was presented a way to averaging operators acting on sections of pull-back vector fields. Let us consider the pull-back bundle π * TM → I defined by the commutative diagram
I is the indicatrix bundle over M. Consider the family of operators
with w ∈ π −1 (x). The average of this family of operators is defined to be the operator
M with x ∈ M given by the action:
dµ is the standard volume form induced on the indicatrix I x from the Riemannian volume of the Riemannian structure (
where the fiber metric is g x := g ij (x, y)dy i ⊗ dy j , with fixed x ∈ M and y ∈ T x M \ {0}.
The indicatrix I x is a compact and convex sub-manifold of T x M.
The above examples is one of the motivations to look for a general framework where geometric averages can be formulated. In addition, using some standard results of Algebraic Topology we are able to clarify the nature of what we called "convex invariance" in ref. [3] . Another motivation for our formulation is the following. Let us consider the following vector bundle morphism,
Now consider the bundle morphism,
Unless (β, β) are not bijections, there is not an easy bundle morphism
. In this sense, there is not a natural push-forward of bundle automorphism (1.5) of E −→ N to bundle auto-morphism (1.7) of TM −→ M. The average operation is like having an inversion, in the sense of a bundle morphism such that
commutes and such that (λ,
is a vector bundle morphism. In this sense, this vector bundle morphism is a "pushforward" operation. In the case that Φ = Id we are able to obtain this map using integration. This is why we call it average operation. In the following section we discuss a general definition of the average operation . We show that the three examples discussed before are included in the general framework. Finally, we discuss an example of "convex invariance" ( [3] ), a notion related with the example 3. We will prove that in this example convex invariance is a topological property. This fact suggests a conjecture about the nature of Finsler Geometry.
Averaging Operation
Let us consider the category of smooth finite dimensional real vector bundles with vector morphisms V ec R . Let us consider two vector bundles, π : E −→ N andπ :Ẽ −→Ñ. Then, let be is commutative. ι(N) ⊂Ẽ is not necessarily a vector sub-bundle ofẼ.
On each fiber π −1 (x) ⊂Ẽ, there is a normal measure µ such that µ(ι(u)) < ∞, for each u ∈ N and a vector valued measure µ V , which takes values on the fiber: µ V : π −1 (x) −→ π −1 (x). Both have compact support on the fiber π −1 (x) ⊂Ẽ.
We will define an associated vector bundle auto-morphism on π :
Combining the above commutative diagrams, we obtain the following:
From this diagram, we can construct the following composed vector bundle morphism:
Note that φ −1 andφ −1 are not maps, although the global composition it is. We defineλ to be the above composition, which is a map.
Therefore, we have proved the following
Theorem 2.1 (Naturality of the average operation) Given a vector bundle morphism (2.1), a vector bundle automorphism (1.4), then there is an induced push-forward vector bundle auto-morphism (2.3), defined by (2.5)-(2.7).
The examples of section 1 are contained in the general frame-work:
Average in Classical Mechanics
In this case, we make the following identifications:
Then E := π * TU, while the map ι : T k ×U −→ R k ×U is the canonical immersion. The measure µ is associated with ι(T k × U), where the support of the measure lives. The existence of this measure is justified by equation (1.2) . In order to understand this example, however, the frame-work must be extended to the category of fiber manifolds with the corresponding fiber morphisms. This is done without problems.
Integration on the fiber in Algebraic Topology
In this case, the identification is the following N =Ñ and E =Ẽ are vector bundles over N of compact vertical cohomology. The measure is the usual measure given on each fiber.
Average of Dynamical Connections
In this case, the identification is the following: diagram (1.3) corresponds to diagram (1.5) with the corresponding identifications, diagram (1.6) is trivial, with (φ, φ) = (Id, Id). The measures are defined by equation (1.3) . ι is the immersion of the indicatrix bundle on the tangent bundle.
The following is a schematic argument of what "convex invariance" is ( [3] ). Let us consider the Thom somorphism theorem: if the vector bundle π : E −→ N over a manifold N is of finite type, orientable and has rank k, then there is an isomorphism between the cohomologies H * cv (E) ≃ H * −k (N). The first cohomology is the compact vertical cohomology and the second one the de Rham cohomology. The second one is the usual de Rham cohomology. For our purpose, we need a slightly different cohomologies, that is, such that compact vertical integrations can be done (the Thom theorem is still true in this generalized contest). However, we need a measure that at "infinity" goes to zero. Consider a Riemnannian vector bundle with fiber metric g and local coordinates on the fiber (t 1 , ..., t k ). Therefore, let us consider the following Gaussian measure on each fiber:
Then one can construct the cohomologies of differential forms on E which are vertical finite in the sense that their integral along the fiber are finite. Let us consider the vector valued (k + 1)-form w i (x, y) ∧ dµ associated to a linear connection on the bundle E −→ N. Then, from [3] it follows that the average operation on the form w i (x, y) ∧ dµ is an affine connection on M. This is an example of averaged connection. Through Thom isomorphism, we can say that the cohomology class of w i (x, y) ∧ dµ is the same than the cohomology class of the average connection. On the other hand, this is the same class than a smooth deformation of the first one does not change the cohomology class of the corresponding averaged. However, to pass from w i (x, y) to the averaged connection is a continuous process. Therefore, w i (x, y) and the average < w i > (x) are in the same cohomology, thanks to Thom.
Conjecture on Finsler Geometry.
Finsler Geometry consists of Affine Geometry, except for the properties which are not "convex invariant".
If the conjecture is true, the way of proving theorems in Finsler geometry consists on proving convex invariance of the statement and proving the statement in the Affine Category.
